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Simulation of Meshing for the Spur Gear Drive with Modified
Tooth Surfaces

Inhwan Seol", Soonbae Chung
Senior Researcher Agency for Defence Development

The authors have proposed methods (lead crowning and profile modification) for modifying
the geometry of spur gears and investigated the contact pattern as well as the transmission errors
to recommend the appropriate amount of modification. Based on the investigation, dynamic
load of the modified spur gear drive has been calculated, which is helpful to predict the life of
the designed gear drive. Computer programs for simulation of meshing, contact and dynamics
of the modified spur gears have been developed. The developed theory is illustrated with
numerical examples.
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1. Introduction

Involute spur gears have been widely applied in
industry because of low cost of manufacturing.
Ideal spur gears with line contact are very sensi
tive to misalignment and manufacturing errors
which cause the edges of the gear drive to contact.

The easiest way to avoid the edge contact is to
localize the bearing contact by crowning the gear
tooth surfaces (Townsend, 1991). This means that
the line contact of surfaces is changed to point
contact. In addition, modification of the tooth
profile is required. An increased magnitude of
crowning weakens the pitting durability, and
insufficient crowning decreases the ability to sta
bilize the bearing contact. Although crowning is a
very important manufacturing technique in gears
sufficient analysis for the proper amount of
crowning has not been provided.

The most common way of crowning is the so
called lead crowning. In this paper, lead crown
ing is modeled as the deviation of surface of
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revolution from the theoretical surface (Fig. I
(a». The generating curve of the surface of revo
lution is an exact involute one. After modeling
the crowning characteristics, TCA (Tooth Con
tact Analysis) is performed in order to investigate
the crowning effect on the stabilization and the
size of bearing contact as well as the induced
transmission errors.

The next step is to determine the dynamic effect
of the transmission errors in contact force of the
gear drive. The determination of the dynamic
force plays a key role in predicting the life of the
designed gear drive (Savage, et aI., 1988). Precise
prediction can improve the reliability of the gear
design. The dynamic load on a gear teeth has
been previously investigated experimentally and
theoretically. However, there has not been an
attempt to study the dynamics of gears related to
the transmission errors caused by misalignment
and manufacturing errors. The dynamics of gear
ing is a very complex problem because it is
basically a nonlinear and time-varying problem
(Kahraman and Blankenship, 1997; Lin, et aI.,
1988; Matsumura, et al., 1996; Wang, 1985). This
paper is an attempt toward more exact analysis of
gearing.
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Fig. 1 (a) Modified Tooth Surface of the spur gear
(b) Coordinate systems for generation of modified tooth surfaces

2. Modeling of the Crowned Spur
Gear Surface

The lead crowning of a spur gear can be consid
ered as the longitudinal deviation from a straight
line along the tooth face width (1976). The
authors consider that the tooth profile in the cross
section induding the pitch point P is an involute
curve. The deviation by crowning can be obtained
in various ways. The tooth surfaces are represent
ed as the surface of revolution that is generated by
rotation of the involute curve about a fixed axis.

Figure I (b) shows the generation procedure of
a crowned pinion tooth surface. Coordinate sys
tem Sp is used for describing the pinion surface.
First, the involute profile is represented in X p

- YP plane in parametric representation of a
space curve

(I)

Here, rp is the vector which represents involute
curve and Bp is the variable parameter.

In the auxiliary coordinate system Sa' Ya and
Xa axes coincide with the tangential vector and
normal vector at pitch point P, respectively. The
origin Oa is positioned at a distance Rp from P
measured along the direction of the normal. Rp is
the radius of revolution and it controls the

amount of crowning. The surface of revolution is
generated in another auxiliary coordinate system
S» by rotating the involute profile about the Ya

axis. Finally, after the coordinate transformation,
the crowned pinion tooth surface l:p is represent
ed as follows:

rp(Bp, Up, Rp) =MpbMbaMaprp(Bp) (2)

Here, Up is the angle of revolution and M is a
coordinate transformation matrix. If Rp is given,
the pinion tooth surface is represented in two
-parameter form where parameters Bp and Up are
independent.

Similar procedure can be applied for genera
tion of gear tooth surface. The crowned gear
tooth surface ~g is obtained as

(3)

3. Tooth Contact Analysis of the
Crowned Spur Gear Drive

3.1 Basic principles of simulation of mesh
ing and contact (Litvin, 1989)

Two cases of simulation of meshing and con
tact are considered, which cover point contact
and line contact of surfaces.

Case 1. The contact of interacting surfaces ~p

and ~g is localized and they are in point tangen-
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(9)

cy. The tooth surfaces and their unit normals are
represented in a common fixed coordinate system
Sr. The conditions of continuous tangency of the
meshing surfaces are represented by the equations

rY')(up, (Jp, <pp)-r}g)(ug, (Jg, <pg) =0 (4)

nY')(up, (Jp, <Pp) -n1)(ug, (Jg, <pg) =0 (5)

Here, (Ui, (Ji), (i=P, g) are the surface parame
ters, <Pi is the angle of rotation, rY) is the position
vector of surface ~i' and nY) is the surface unit
normal (i = p, g). Equations (4) and (5) yield
only five independent scalar equations since InY')1
= In).-g)1 = 1. Thus, we have a system of five non
linear equations and six unknowns:

li(up, (Jp, <pp, Ug, (Jg, <pg) =0,
liEej (i=l, 2, "', 5) (6)

Considering one unknown, say <pp, as the input,
we can solve Eq. (6) by functions Up (<Pp), (Jp

(<Pp), Ug (<Pp), (Jg (<Pp), <pg (<pp). The numerical
computation is a continuous iterative process that
requires an initial guess and the observation of
the following inequality for each iteration.

£1 - D (fj, 12, 13, 14, 15)
5- D(up, (Jp, Ug, (Jg, <pg)

all aiJ. all aiJ. all
aup a(Jp aUg a(Jg a<pg

,*0 (7)

a/s a/s a/s a/s a/s
aup a(Jp aUg a(Jg a<pg

Expressions

dUi, (Ji), zt;{<pp), (Ji(<PP) (i= 1,2) (8)

represent the path of contact on gear tooth surface
~i' The function of transmission errors is re
presented as

L1<pg (<Pp) = <pg (<Pp) - z: <pp

where Np and Ng are the number of teeth in
pinion and gear, respectively. Subroutine DNEQ

NF in IMSL Math Library is applied for the
solution of nonlinear Eq. (6).

Case 2. The spur pinion and gear surfaces of
ideal design are in line contact in the case of an
aligned drive. The Jacobian £15 in Eq. (7)
becomes zero in this case. Due to misalignment,
the line contact of surfaces results in point contact
that is accompanied with the shift of the bearing

contact and transmission errors. The simulation
of meshing and contact of gear drives with a
preliminary line contact is a complex problem
since the Jacobian £15 becomes equal to zero. The
computational procedure that was developed in
the previous study (Litvin, 1989; Seol and Litvin,
1996) overcomes these difficulties.

The authors have developed computer pro
grams for the simulation of meshing and contact
of conventional and modified spur-gear drives.
The bearing contact is obtained as the set of
instantaneous contact ellipses.

3.2 Simulation of meshing with errors of
alignments and manufacture

The applied coordinate systems are shown in
Fig. 2. Coordinate systems Sp and Sg are rigidly
connected to the pinion and gear, and they are
rotated about the Zp and Zg axes, respectively.
Coordinate system Sf is the fixed one where the
continuous tangency of ~p and ~g is considered.
Coordinate system S2 is an auxiliary fixed one,
and coordinate system Sq is used for simulation
of the misalignment.

Two types of misalignment will be considered;
the change of center distance, £lE and the change
of shaft angle, yy. Two types of manufacturing
error will be considered; the error of pressure
angle, da and the variation of lead angle, £lA.

The geometric defects mentioned above may
affect the contact path and kinematic transmission
errors, and consequently, the dynamic phenomena
of gear drive. Therefore, the simulation of
misaligned gear drive with manufacturing errors
is a key point of this study.

3.3 Determination of contact ellipse
The determination of the instantaneous contact

ellipse is a very important step especially to
calculate the contact stress which is the key factor
in pitting durability. It requires the knowledge of
principal curvatures, directions of the spur pinion
and gear tooth surfaces and the elastic approach
of the teeth.

Assuming that two surfaces ~I and ~2 are in
point contact, we consider that the contact of
surfaces is spread under the load over an elliptical
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(a) Coordinate systems applied for simulation of meshing
(b) plunging operation for the parabolic transmission errors

(13)

( 10)

(11)
(12)

a=I~lt, b=I~lt

gl = XlI) - XlP
gz=xj2l-xlJl

tan2a

where

where 0 is the elastic approach; A and Bare
represented as

A =0.25 [xkl )- xf) - (gf- 2glgzcos2O'(IZ)

+gf} +J (14)
B =0.25 [xkl) - xkZ)- (glZ- 2glgzcos2O'(IZ)

1+gf}z-J (15)

xkil=xjil+xjp, i= 1,2 (16)

Here, Xl il and xiP are the principal curvatures of
surface I and surface 2 at the contact point P, and
O'(IZ) is the angle between e)l) and e}Z).

Step 3 : The magnitudes of the ellipse semi
axes are determined by the equations

ed by angle ex that is determined as follows,

gzSin2O'( IZ)

The largest and smallest values of a and b
represent the major and minor semi-axes of the
contact ellipse, respectively.

area. The dimensions and orientations of the
instantaneous contact ellipses can be determined
when the following factors are known (Litvin,
1989; Seol and Litvin, 1996): (i) the principal
directions and principal curvatures of interacting
surfaces, and (ii) the elastic approach 0 of sur
faces. The surface approach 0 can be determined
if the contact forces applied to the surfaces and
the surface curvatures are known. An approxi
mate determination of the contact ellipse may be
accomplished by using the 0 value of 0.007 mm
which is obtained from experiment for slightly
loaded gear drives.

The determination of the orientation of the
contact ellipse and its dimensions is based on the
following procedure (Litvin, 1989):

Step 1 : It is considered that the principal
directions and principal curvatures of the meshing
surfaces are known, and the elastic approach of
the surface is given.

Step 2: The contacting surfaces ~l and ~z are
in tangency at current point P, and IT is the
plane that is tangent to ~l and ~z at P. Unit
vectors e}i) and eW (i = I, 2) represent the princi
pal directions of surfaces ~I and ~z, respectively.
The orientation of the contact ellipse is represent-
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(17)

(18)

4. Dynamic Analysis of Crowned Spur
Gear Drive

It is well-known that the geometric errors of
tooth surfaces affect thedynamics of gear drive.
However, few attempts have been made to investi
gate the effect of geometric defect on the dynamic
phenomena. In previous works (Lin, et al., 1988;
Matsumura, et al., 1996; Lewicki, et al., 1993), the
geometric defects, for example, tooth profile error,
have been neglected or considered directly in
terms of elastic force in dynamic equation (Fig.
3). In these models, the influence of geometric
errors (misalignment and manufacturing errors)
can not be investigated in full because the condi
tion of contact of tooth surfaces is not considered.

The goal is to provide the analytical tool to
investigate the influence of tooth geometry, manu
facturing errors and misalignment on the
dynamics of gear drive. To meet the goal, the
authors investigate the dynamics of a gear drive
with transmission errors as the dynamics of rigid
bodies. The exact transmission errors induced by
geometric defects have been determined by appli
cation of the TCA (Tooth Contact Analysis)
approach.

Basic Assumptions:
To solve the dynamic equations of gear drive,

following assumptions are made;
I. The contact of tooth surfaces is not dis-

continued.

2. There is no variation in input and output
torques (steady torque).

3. Applied torque is light enough for meshed
gears to be considered as rigid bodies.

4. Frictional force is neglected.

4.1 Mathematical model and equations of
motion

The mathematical model for a spur gear drive
is shown in Fig. 4. This system is governed by the
following equations of motion.

d2rpp _
Jp~-Tin-Td

~-Jg dt" - Td- Tout

where gear ratio of the drive is considered as I :
I ; Jp and Jg are mass moments of inertia of
pinion and gear, respectively; rpp and rpg are
angles of rotation of pinion and gear, respectively;

Tin and Tout are the input and output (load)
torque of gear drive, respectively; Ts is the
dynamic torque to be determined.

The function of transmission error LJrpg (rpp)
can be represented as a function of rpp and the
time derivative as follows;

LJrpg(rpp) =rpg-rpp (19)

d 2 (LJpg) -~_!f..!h.. d 2 (LJrpg) (drpp) 2

dt' - dt" dt" drp~ dt

+ d(LJrpg) !f..!h.. (20)
drpp dt 2

The transmission error function LJrpg (rpp) can
be determined by TCA. Since LJrpg (rpp) is a
periodic function with the period of the meshing

';r .cycle N
p

' It can be represented by the Fourier

series as follows

GearPinion

Tin: constant inputtorque Tout: constant oulput torque

~ ~
M :Equivalent t-L~-r

Mass
:Relative

'---...,..----' tootherror

Xcn: Relative
displacement

F : Toothload

Governing equation:

M )(t) + K(t)X(t)= F +K(t)E(t)

Fig. 3 Typical dynamic model of gear drive Fig. 4 Dynamic model of rigid body for gear drive
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Table 1 Design parameters of spur pinion and gear

5. Numerical Examples

The program for simulation of the dynamics of
crowned spur gear has been developed by using
the fourth order Runge-Kutta integration
method.

o 5 10 IS 20

Rotation angle of pinion (degree)

(a)

!Hi~~3·-
:i -11 -10 ... 0 IS 10 11

~ Face width (mm)

Modification: Case 1; 0.02 mm of lead crown
ing of both of pinion and gear, Case 2; 0.02 mm
of lead crowning of pinion only, Case 3; 0.03 mm
of lead crowning of both of pinion and gear, Case
4; 0.03 mm of lead crowning of both of pinion
and gear and profile modification of pinion.

Figures 5, 6 and 7 show the bearing contact
obtained for the considered gear drive with exist
ing and modified geometries. The great advantage
of the involute gear drive is the fact that the
transmission errors caused by misalignment are
small enough and may be ignored. On the other
hand, errors of alignment cause a substantial shift
in the bearing contact and the transmission errors
induced by manufacturing errors can not be
neglected (Fig. 5).

For dynamic simulation, the gear drive with the
above mentioned geometric defect and Case I of
lead crowning is selected. The driving torque is
160 Nm and the operating velocities are 900,

(b)

Fig. 5 (a) Bearing contact on pinion tooth surface
(b) Corresponding transmission errors with
lead crowning 0.02 mm of pinion; 0.02mm of
gear: misalignment; LlE=O.lmm; 6.Yy=3.0

arc min. : manufacturing error; Ll.-t =3.0 arc
min. ; iJa=3.0 arc min

(22)D.F.

Number of pinion teeth Np=36

Number of gear teeth Ng=36

Normal module mn= 3.175 mm

Normal pressure angle an=20°

Face width FW=25.4 mm

Moment of inertia for fp=3.33 X 1O-3Kg m2

pinion

Moment of inertia for Jg=3.33 X 1O-3Kg m2

gear

11rPg (rPp) = Ao/2 +A1cosNprPp +A2cos2NprPp
+A3cos3NprPp+...B1sinNprPp
+B2sin2NprPp +B3sin3NprPp +... (21)

Here, A, Bj(i=O, 1, 2, .. , j=l, 2, ... ) are the

Fourier coefficients and can be determined by the
results of TCA.

Now, if Eqs. (17), (18), (20) are solved with
the initial conditions, the dynamic torque Td can
be determined. Afterward, to illustrate the
dynamic effect clearly, we use D. F. (Dynamic
Factor) as follows

Dynamic Torque
Static Torque

The developed computer programs have been
applied for the simulation of meshing and contact
of crowned spur gear drives with geometric
errors. The computations have been performed
with the design parameters represented in Table 1.

The magnitude of crowning and the geometric
errors are considered as follows;

Misalignment: change of center distance 11£
=0.1 mm; change of shaft angle 11yy = 3.0 arc min;

Manufacturing errors: error of pressure angle
11a=3.0 arc min; error of lead angle 1111=3.0 arc
min.
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115105

(mm)
-11 0

Face width
-10

Path of contact point

Long axes of contact ellipses

111la-10

Path ofcontact point

Long axes of contact ellipses

(a)

-5 0 5 10 15 20

Rotation angle of pinion (degree)

o 5 10 15 20

Rotation angle of pinion (degree)

(b)

Fig. 6 (a) Bearing contact on pinion tooth surface
(b) Corresponding transmission errors with
lead crowning 0.02 mm of pinion; 0.0 mm of
gear: misalignment; L1E=O.l mm; L1Yy=3.0

arc min. : manufacturing error; L11l=3.0 arc
min. ; L1a=3.0 arc min

(b)

Fig. 7 (a) Bearing contact on pinion tooth surface
(b) Corresponding transmission errors with
lead crowning 0.03 mm of pinion; 0.03 mm of
gear: misalignment; L1E=O.l mm; L1Yy=3.0

arc min. : manufacturing error; L11l=3.0 arc
min. ; L1a=3.0 arc min

1800, 3600 rpm.

The results of computation are as follows.
(1) The application of crowning enables local

ization of the bearing contact (Figs. 5- 7) .

(2) The function of transmission errors of a
crowned gear drive with geometric defects is a

discontinuous one and the level is about 10 arc

seconds, which may be a source of vibration and
large dynamic force (Figs. 5-7).

(3) Although crowning of both members of
drive is more expensive, it provides a more stable
bearing contact than crowning done for only one

drive member (Fig. 5 and Fig. 6). The same
conditions of geometric defects have been consid
ered for such comparison.

(4) Increased crowning can provide a more
stable bearing contact; however due to smaller

dimensions of contact ellipses the contact stress is
increased and therefore the pitting durability is
decreased (Figs. 5-7).

(5) If, in addition to lead crowning, the profile
modification is applied with plunging operation

during feeding of the grinding disk (Fig. 2(b»,
the desirable type of transmission error can be
achieved with stable bearing contact (Fig. 8 (a),

(b) .

(6) For the operating speed of 1800 rpm, the
dynamic load is about 1.3 times that of the static

load (Fig. 9(a». For the operating speed of 900
rpm, the dynamic load is almost equivalent to the
static load (Fig. 9 (b) ). This indicates that the

dynamic effect of the geometric defects is minor in
low speed operation (below 1000 rpm).

(7) For the operating speed of 3600 rpm, the
geometric defects cause an increased dynamic
load that is almost two times larger than that of

the static load (Fig. lO(a».
(8) If the predesigned parabolic function of

the transmission errors is provided (Fig. 8 (b) ) ,

the dymaic load is considerably reduced (Fig. 10
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Fig. 8 (a) Bearing contact on pinion tooth surface
(b) Corresponding transmission errors with
lead crowning and profile modification:
misalignment; LlE=O.1 mm; LlYy=3.0 arc
min. : manufacturing error; LlA=3.0 arc
min. ; Lla=3.0 arc min
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Fig, 10 Dynamic factor of (a) crowned spur gear drive and (b) crowned and profile modified spur
gear drive with driving torque= 160 Nm; operating velocity=3600 rpm

6, Conclusion

(b) }. This was experimentally proved for spiral
bevel gear drives in the previous research
(Lewicki, 1993).

(I) A mathematical model for a crowned spur
gear drive has been proposed and an approach
has been developed to simulate meshing and
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contact of the modified gear drive. The drive was
considered as a multi-system of rigid body.

(2) The dynamic effect of transmission errors
has been determined.

(3) Numerical computation was accomplished
by the application of computer programs devel
oped for tooth contact analysis and dynamic
simulation.

(4) If complemented by experiments, the
obtained results will enable one to design low
noise spur gear drives with extended service life.
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